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EXPERIMENTAL SIMULATION OF LARGE, HIGH FIELD.
SUPERCONDUCTING MAGNET OPERATION
I. ABSTRACT
During the first quarter of this contract a series of new sample coils
with 4 to 5-in, outside diameters for tests in the 61--in., 80-kilogauss
magnet were procured. Results of tests with several of these coils are
reported. Preparations for experiments in a new 13-in. bore magnet facility
are progressing. The extensive recent literature on the physics of type
III superconductors especially as relevant to the goals of this contract
is being studied. A brief digest of a selection of several important new
results is presented along with some detailed new studies on similar sub-
jects.
II. SAMPLE COIL TESTS
We will continue to employ the "Large Diaieter-Small Cross Section
Sample Coil" technique to study ;carious coil winding materials and different
coil designs. Additional sample coils with 4 to 5 -in. outside diameter
have been procured for our experiments in the 62-in. bore, 80-kilogauss
magnet. These sample coils are of very different designs and winding
materials. Details of the available sample coils are given in Table 1.
A.	 Coil 10.6A Ic-Hc Tests
One of the coils (10.6A of Table 1) wound by the Linde Division of
Union Carbide Corporation has been tested in both persistent and externally
energized modes. In the conventional mode, with an external current source,
quench data were found to be generally in agreement with our previous mea-
surements (Fig. 1). As before (compare Fig. 9 of the previous report,
ORN L-TM-1083), regions of maximum degradation occur with externally applied
fields of -8 and +5 kilogauss, and a sharp peak in critical current is
found in the vicinity of zero field. Data scatter in these coils has been
noticeably more severe than in other epoxy impregnated coil:" we have tested.
See rage 12.
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2This might be a result of the input lead design used in this case, since
the mechanical support of the input leads seeds to be not entirely suffi-
cient.
B.	 Coil 10.6A Persistent Mode Tests
By closing the persistent mode switch in zero field at 4.2°K and then
slowly increasing the externally applied field a measurement of the Ic-Hc
curve is possible. In our experiment a Siemens SBV552 Hall probe was
located on the central plane of the coil in a mechanism which allowed
positioning the probe either on axis of near the coil surface. With the
coil open and not energized, the probe was first calibrated from 0 to 70
kilogauss (Fig. 2). As expected, the Hall response above 10 kil_ogauss is
quite nonlinear. However, measurements can be made by referring tc the well
reproducible calibration curve. It should be emphas- ',zed that the measured
field values at the center and near the coil surface were identical. There-
fore no influence of diama-netic currents flowing in the open coil was
apparent.
On increasing the external field from zero, with the coil in persistent
mode, the central field H o is seen to increase (Fig. 2a) as expected by
calculation of the induced current and its resultant field. 1 Sudden transi-
tions occur which reduce the induced current to zero and permit -the complete
penetration of Happlied• The self field of the coil, which is the difference
Happlied - Ho, follows almost exactly the current-field relation of an
externally energized coil. The different current density distribution
inside the small wire cross sections is not sufficient to influence sub-
stantially the central field. Following the transition, the coil generally
recovers quickly and the induced current again responds to the increasing
applied field. Occasionally, however, the coil remains normal, for as long
as one minute.
A similar series with the probe close to the inside surface of the
superconducting coil is indicated by Fig. 2b. In this position the magni-
tude of the field generated by the induced current is greater than that of
C. F. Hempstead, Y. B. Kim and A. R. Strnad, J. Appl. F: DTs._ 34, 3226 (1963).
3the applied field and the resultant field decreases with increasing
external field.
A plot of Ic-Hc derived from Fig. 2 and other similar tests indicates
critical currents comparable to the data using externally applied currents
up to about 10 kiloga.uss. At higher fields lower critical currents are
apparent (Fig. 3). This performance is not easy to understand and further
analysis is needed. It should be noted that tests of this kind have been
made up to now only with this one coil and may not be typical.
C.	 Tests with Argonne National Laboratory Cable Coils
Coils 723, 724 ar.:+ 725 of Table 1 were wound by Charles Laver. ck of
Argonne National Laboratory. They inco.rpora^e several protective devices
used in his large cable coils. Zero field tests made together with Charles
Lavericl: in his laboratory indicated critical currents of 147, 460 and 162
amperes, respectively, at 4.2°K. Figure 4 shows 'the results of tests at
2.5, 4.2 and 5. °K with coil 725. The voltage drop measured on coil 725
at 4.2 0K was relatively very high. Resistance measurements at room temper-
ature were made in order to determine the resulting resistance of the copper
cladding, copper wrapping, etc. (at room temperature the currents flowing
through the NbTi wires can be neglected). At 4.2°K the copper resistance
might decrease to about one hundredth the room temperature value. This
value is only around six times as high as the total low-temperature coil
resistance. This indicates that at the points where the voltage was mea-
sured, an appreciable current component is flowing through thie copper
wrapping. It might even be possible that inside the coil the current out-
side the superconductor wires is still appreciable (relatively high resist-
ance between NbTi core and surrounding copper).
As mentioned previously, coil number 724 performed much better in the
tests without external field. It is expected that the planned experiments
in our laboratory swill likewise ,yield better .results.
An examination of coil 725 in the ORNL Magnet Laboratory produced the
data of Fig. 5. Sudden resistive changes in this figure and those shown
in Fig. 4 are thought to be partial or complete SC-N transitions within
the cable. The coil was disappointing with respect to its low quenching
currents. However, these values were not er •atic and the transitions to
the normal state were not violent (Fi b;. 6).
D. Cryostrand 7 Coil Test
A small test coil of Cryostrand 7, supplied by the General Electric
Compary, has been tested up to 70 kilogauss. Above 20 kilogauss it yielded
a monotonically decreasing critical current with increasing field (Fig. 7).
Below 20 kilogauss a region with relatively low quenching currents is found
with a minimum I C of 76 amperes at 5 kilogauss. Constant current, variable
field measurments clearly show flux jumps below 20 kilogauss which may
produce the degradation.
E. Future Tests
Experiments are continuing to evaluate the other 7 Linde NbZr coils,
the 2 additional Argonne NbTi coils, the 2 RCA NbSn coils and the NbZr
coils wound by CRNL. Other tests are being prepared to examine the internal
fields of superconducting coils under various experimental conditions.
5III. A NOTE ON THE PHYSICS BACKGROUND OF THE DEVELOP4114T
OF LARGE St 1 P-H-?CONDUCTING YIAGNET COILS
W. F. Gauster and H. A. Ullmaier
A. Introduction
Recent progress in the development of superconducting magnet coils
which genera
t
e high field strengths in large volumes is very encouraging.
At the same time, research on the physics of superconductivity is pro-
ducing a wealth of important new results which, in part, can be immediately
applied to the previously mentioned technological task. In this note, a
few important cross connections of this kind shall be discussed. No attempt
is made-to present an exhaustive review with a complete list of references.
Emphasis is placed on phenomenological descriptions using simple models.
B. SC III Cylinders in Slowly Changing Longitudinal Fields
The performance of cylinders of type III superconductors in slowly
changing magnetic fields can be understood to a large extent by means of
simple models proposed by Heinz London, C. P. Bean, Y. B. Kim, and others.
A detailed study presented in Appendix A is a part of an analysis of these
models published in the Thermonuclear Division Semiannual Progress Report
ORAL-3564. These models do not take into account the microscopic structure
of type III superconductors as being type II superconductors with physical
imperf ections . 2
Recent publications deal with the analysis of the reversible part
(AB in Fig. 8) and the irreversible part (BC) of the magnetization. The
first is due to the flux penetration of the homogeneous, strain-free
material. A mathemati^al treatment based on the so-called "G L A G theory"
(Ginzburg - Landau Abrikosov - Gorkov) is in an advanced state of develop-
ment. The irreversible part of the magnetization is caused by the resist-
ance of the inhomogeneous material against the free motion of flux. Flux
bundles ( consisting of several flux quent:a) will be pinned at low-energy
2 A excellent short review paper is: J. D. Livingston, "Magnetic Hysteresis
and Critical Currents in the Mixed State," presented at the Conference on
Type II Superconductors, held in Cleveland, April 28-29, 196+. (General
Electric Research Laboratory Report No. 64-RL-3810M).
6teglans. When-the magnetic driving force overcomes the pinning force,
"flux I1cV' or "flux jump" occurs (critical flux gradient). The equiv-
alent rr.acroscoFie picture deals with a critical shielding current d 2nsity
jr, Selieral authors have attempted to calculate the irreversible magnet-
izati or or type III superconductors.3
As is well known, the correlation between the magnetization M and the
flux dens% y B can be exrres z ed. by:
B = H + ^+gm	 (1)
For a type II superconductor specimen in the form of a cylinder with small
demagnetization factor, thQ flux density F: as a function of H can be easily
found by this equation. Figure 9 is self-explanatory.
In the case uf* a type 111 Superconductor, the irreversible part BC
(Fig. 8) of the magneti: at,ion douends on t :.° eonietr.ical dimensions of the
sample. M and B mast be replaces] b y the: av-_rage values <M> and <B
B	 = H + 41t <im7	 (2)
Fig: 10 corresponds to Fig. 9. 
1^
The discontinuity between the external field H and the internal flux
aensity B shown in Fig. 9b is real. Fig. 10b, however, should be considered
primarily only as an analysis of the reversible and the irreversible parts
of the field strength. Specific assumptions concerning the actual B dis-
tribution in the range ±Hcj have been made—
 by various authors (see, for
instance, refs. (b) and (8) . An experimenta1. method for actual B measure-
ments in small gaps of superconducting cyLinders in longitudinal fields has
been worked out in this laboratory. Recently, experimental results using
3See for instance: J. Silcox and F. W. Rollins, Rev. Mod. PLys. 36, 52
(1964), and H. F. C1.ine, C. S. Tedman, Jr., and R. M. Ross, Phvs-Rev.
137, A1767 (March 15, 1965) .
4See Fig. 6 in W. F. Gauster, "liigh Field SUp-,rconductors and the Develop-
ment of Superconducting Magnets," presented at the verman Physical Society
Meeting in Iiiss p ldorf, C)ctobei_­ 5 -9, 1964 (Pc-oceedings, page 83).
1the same method have been published by another author. 5 Unfortunately, a
decisive experimental investigation of the fine structure of B, which is
at least theoretically very interesting, seems to be difficult.
C. Flux Jumps in Cold-Worked Nb-25% Zr Solid and Hollow Cylinders Under
Adiabatic Conditions	 (See Appendix B)
Partial reprint from ORNL Thermonuclear Div. Semiann. Progr.
Rept . , April 30, 1965, funded by AEC Activity 05 o4 04 01,
D. One-Dimensional Models of Current-Carrying Type III Superconductors
Exposed to External Fields
	 L
..
In superconducting coils, transport currents must be considered. TA
	
a
expression "transport current" is not applied consistently. To explain our
use of the term, we suppose that an electric current flows through super-
conducting and nonsuperconducting parts which are electrically in series.
This current shall be called "transport current." Therefore, the cur;-ent
flowing in a closed superconducting ring (induced by a changing external
field) is not a transport current.
Figure 11 represents the case of an "infinitely" extended slab of
superconducting material. The external magnetic field Hext is parallel to
the surface; the shielding and transport currents flow perpendicularly to 	 s
the magnetic field. The transport current per unit length of the slab is
+a
I = 
J
r J(x)dx	 (3)
x=-a
The external field H(x) goes asymptotically to the constant value H
ext for
distances x >> I (Fig. 12). The surface fields H i and H2 are determined by
H1 _ Hext + kI = B(+a ) (4)
H2 = Hext - '^I = B (-a)
5H. T. Coffey, "Distribution of Magnetic Fields and Currents in Cold-Worked
Type II Superconductors , " Westinghouse Research Memo 65-1JO-CRYOA-M1
(April 15, 1965) .
8The constant k is 0.5 x 10 -6 if H is epressed in oersted and I in amp/Cm.
For slowly changing fields
J = f(B) ;	 (5)
the function f(B) is determined by the model_ used. In the simplest case
(H. Londoo - C.	 P. Bean model) J is either +J c , -Jc or zero.	 Kim's model
employs
	
J =	 u	 (6)B+Bo'
Riemersma uses
	
J	 = n
	
(7)
Finally, the special form
	
d1I	 Gn J
	 (8)dx 10
of Maxwell's equation will be considered.
Simple one-dimensional models of current-carrying type III supercon-
ductors have been described by H. Riermersma, 6
 J. D. Livingston, 2 M. A. R.
LeBlanc -t al., 7 and others. They ^:llow one to determine the current
density and field distributions in an infinitely long slab for any H-I
(path 0, 1, 2) or I-H (path 0, 3, 2) sweep (Fig. 13 '1. A few simple examples
will be discussed here. The H. London - C. P. Bean model will be used. The
fields can be conveniently expressed as multiples of the field strength Hs
(Fig. 14) which is determined by the critical current density J c and the
slab thickness 2a. We normalize the transport current by dividing I by
I o
 = 2aJ c .
First, we assume that without an external field I-i s the transport
current is raised from zero to 0.6 Io . Therefore H1 = -H2 = 0.6 Hs (Fig.
15, broker. line) . The Hext is first raised to 0.4 H s ( dotted line) .
Finally Hext is increased to 1.1. H s (solid line). The corresponding cur-
rent density distributions are likewise indicated in Fig. 15. At the
final stage <B) i s easily found to be 0.78 Hs. From Eq. (2) it follows
that -4n < M > = 0.32 Hs.
H. Ri.emer sma, J. Appl . Phys . 35, 1802 (1964) .
7M. A. R. LeBlanc et al., Appl. Phys. Letters 6, 189 (1965).
9Now the other sweep sequence will be considered. First, the external
field Hext is increased from zero to 1.1 H s , while I = 0. In Fig. In the
B-distribution is shown by a broken line. Then the current is first raised
to 0.3 Io (Fig. A, dot 4 .ed line). Finally, the current is increased to
0.6 Io(solid line). Now we find <B> = 0.9 H s . Therefore -41T <M) = 0.2 Hs.J
By reaching the same final values of Hext and I by means of different
sweep sequences, substantially different flux and current density distri-
butions (and therefore different (M> values) have been obtained. The
magnetization can be experimentally determined in a simple way and thus the
basic assumptions of these derivations can be checked easily. Extensive
work of this kind has been done by M. A. R. LeBlanc. ? Here we will re-
strict ourselves to describing briefly the magnetization behavior obtained
in the following ways.
Case I: No transport current. 14, Hext cycled (Fig. 17, curve I).
Cas e II
.
: No external field HeX .t , I cycled
.
; <M) is always zero.
Case III: Sweep sequence I-H (curve III).
Case IV: Sweep sequence H-I. For clarity's sake, no complete
magnetization cycle is shown. When raising H without transport
current, the first branch of curve I is obtained. The point Po
corresponds to H ext = 1.8 H s . Now by.raising the transport
current I to 0.2, 0.4......1.0 I o , respectively, the points Pl.
P?, .... P 5 are obtained. As shown previously, the magnetization
decreases with increasing transport current. More complete dis-
cussions can be found in pa gers by LeBlanc et al.
The one-dimensional model of a type III superconductor carrying a
transport current and exposed to an external field can be used to investi-.
gate the low field instability regions which are important for the occur-
rence of flux jumps. Physical criteria (such as the temperature criterion)
must be introduced. The following section deals with the so-called anni-
hilation instability. However, there are still other possible flux jump
criteria which will be discussed at another time.
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E.	 Annihilation Instability
M. R. Beasley et al. 8
 use the concept of the annihilation instability
to explain the low field performance of hard superconductors. They consider
the possibility that neighboring fluxoids with opposite flux directions
will annihilate mutually wherever adjacent regions within a superconductor
have opposite directions of magnetic induction. B. In this connection the
behavior of the superconductor in the range ±H cl is of interest.
In the following a few special cases will be discussed. We will
employ the simplest one-dimensional model; a straight-forward representa-
tion will be used which neglects the actual value of Hci•
1) The two field ;sweep sequences H-I and I-H are considered (Fig. 13).
Previously it has been shown how to find the B and J distributions easily.
If the B-distribution curve cuts the zero line once, the quenching probi-
bility due to flux L-and.ie annihilation is indicated in Fig. 18 by a solid
line. There are also ranges in which B chang°s its sign twice (Fig. 18,
thick solid line). It can be seen that thesweep sequence I-H is the more
"dangerous" one.
Several authors investigated a somewhat more complicated sweep se-
quence. Before going through the above mentioned sweeps, they applied
negative fields, returned to field zero dnd started from there with a new
sweep sequence. This procedure can be modified by quenching at a negative
field value.
2) The maximum negative field is small; no quenching (Fig. 19).
Short additional field zones occur for small field and current values,
respectively.
3) The same, however, with quenching at the maximum value of the
negative field (Fig. 20). The influence of the quenching is very obvious.
4) Sweep sequence similar to (b), however, with a large negative
field (Fig. 21).
M. R. Beasley et al. , Phys. Rev. 131, Al205 (1965)
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5) Sweep sequence similar to (4), however, with quenching (Fig. 22).
Cases (3), (4) and (5) yield identical instability zones. It must be
emphasized that all these results depend, of course, largely on the values
of the transport currents, external fields, critical current densities and
the thickness of the slab. More detailed applications of similar consider-
ations to experiments done with superconducting ribbons and bifilarly
wound coils are reported in the previously mentioned paper by Beasley et
al. 8 Short sample performance under similar conditions has been studied
by B. Taquet.9
6) C. H. Rosner and H. W. Schadler 10 observed that Nb-25% Zr short
wire tests showed appreciably "degraded" results when current and field
were increased simultaneously ("coil simulation" tests). However, similar
experiments with Nb 3Sn11 yielded no differences when different sweep modes
were used. Recently, several authors pointed out ,hat copper plated Nb-25%
(manufactured with modified metallurgical processF..$) did likewise not dis-
play degradation of the mentioned kind.
An analysis of the performance of a type III superconducting slab by
means of the simple one-dimensional model can be made for simultaneous
I-H sweeps. An application of the flux bundle annihilation principle to
these cases does not indicate additional instabilities. There are, how-
ever, other possibilities for unstable performance, which will be discussed
at another time.
S
a
'Oral communication.
1 0C. H. Rosner and H. W. Schlader, T . Arn^l. Ph s. 34, 2107 (1964), and1 1C. H. Rosner et a]_., J. Appl . Phys . 34 ) 2108(1.974) .
Table 1. New Sample Coils at the ORNL Magnet Laboratory
ID, OD, Length, Special
ooil Material Protection Wound by in. in. in. Turns Features
18.3A 0.0]_4" 0.0014" ; Linde., 4.125 5 0.375 429
18.3B 0.0141, 0.0014" Linde 4.125 5 0.375 428 Epoxy Vc.CUUm
14A 0.01.0 0.0010" Linde 4.125 5 0.375 850 potted; per-
14B Nb-25% Zr0.01
radial copper
0.0010 Linde 4.125 , 0 .375 852
sistent mode
Supercon plating switches pro-
10.6A 0.007" 0.0007 Linde 4.125 5 0 .375 1471' vided.
10.6B 0.007 0.0007 	 1 Linde 4.125 5 0 .375 1472
7.3A 0.005 0.0005 	 ;1 Linde 4.125 5 0.375 2549
7.3B o.00:;" 0.0005 "!,, Linde 4.125 5 0 .375 2551
101C NbSn-RCA Mylar-Copper-Mylar) miter- RCA 4.25 5 1 611
1011 NbSn-RCA Mylar-Copper-Mylar)Slayer RCA
•
4.25 5 1 611	 N
723 NbTi 'Westinghouse 0.002" radial copper plating Argonne 2.75 4.29 1 388
HI-120) 0.02-0 IT/ 0.014" central copper core,
strand, 6 strands, cadmium dipped
one cable
724 2 cables as in 723, Additionally Argonne 2.75 3.29 0.5 20
bound together 12 copper strands 0.012"
wrapped around the two
cables, indium dipped
725 As in 723 0.002" radial copper plating Argonne 2.75 3.69 0. 5 56
0.014" copper core
midi um dipped
6032B NbSn (Cryos turand 7) None G.E. 0.375 0.41 0.45 104
5B 0.010" Nb-25% Zr 0.001" radial copper plating ORIJL 2.225 3.75 0.75 1;00
Supercon 0.003" shorted copper
sheet interlayer
1C 0.010" Nb-25^b Zr 0.001" radial copper plating ORNL 4.25 5 0.375 590
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APPENDIX A
A STUDY OF MODELS OF HIGH-FIELD SUPERCONDUCTORS
W. F. Gauster
Reprinted from the Semiannual Progress Report of the Thermonuclear Division
of Oak Ridge National Laboratory (period ending October 31, 1963) ORNL
356 1 1 PP• 107-116. Funded by AEC Activity 05 o4 o4.
1 Introduction
Simple models of high-field superconductors have been proposed by
Heinz London, 1 C. P. Bean, 2
 and Y. B. Kim et al. 3 ' 4
 They assume that high-
field superconductors can carry a critical current density J , which is
either approximately field-independent (London and Bean) or is a function
of the local field B (Kim et al.). Bean considers also shielding to a field
H e
 due to soft superconducting material in the interstices of the mesh.
Kim et al. discuss flux trapping ("tube magnetization") and magnetic mo-
ment measurements, consider the general properties which follow from their
model when any form of the dependence J c(B) is assumed, and derive from
experiments an empirical relation
a_ BO + IBI	 (l)jil
which is the starting point of P. W. Anderson's theory of the "flux creep"
in hard superconductors.5
Heinz London, private communication: see R. A. Karnper, Phys.
Letters 2(6), 290 (1962) and C. P. Bean and R. W. Schmitt, Science
1 0 3562) , 26 (1963) .
2C. P. Bean, Phys. Rev. Letters 8(6), 250 (1962).
3Y. B. Kim, C. F. Hempstead, and A. R. Strnad, Phys. Rev. Letters
9(7) , 306 (1962)
Y. B. Kim, C. F. Hempstead, and A. R. Strnad, Plays. Rev. 129k.2),
5V 8 (1963)
5P. W. Anderson, Phys. Rev. Letters 9(7), 309 (1962).
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This theory has been further developed and extended to resistive states of
6 ' 7hard superconductors by Kim et al. in two additional recent publications. 
The purpose of this study is to give a short systematic presentation
of the flux trapping and magnetic moment performance of hollow (and solid)
cylinders of hard superconductors in longitudinal fields which are to be
exrected when the mentioned three different models are used. Th.! forms
derived here are partly more comprehensive than those published by other
authors to date. /Furthermore, this report deals with measurement methods
which can be applied for correlating flux trapping and magnetic moment
measurements. Experimental results obtained with bundles of copper-plated
Nb-Zr wires and a discussion of the applicability of the model of Kim et al.
to this special case are presented in the following paper.
2 Heinz London's model of High-Field Superconductors
It is supposed that the critical current density J  is approximately
constant in the entire range of field strength 0 < H < H ri . No perfect
flux exclusion at low fields is assumed. The simplest case of a hollow or
solid cylinder cooled in zero field is considered here.
Figure 1 shows the current distribution inside the tube wall for six
phases of a magnetization cycle if a homogeneous external field H parallel
to the cylinder axis is applied. The corresponding internal field distribu-
tion is represented by Fig. 2. When H is raised to a moderate value HI,
the field B inside the tube wall decreases linearly (curve I), becomes zero
at a distance R I from the outside surface of the tube, and for R I < R < w
the field B = 0 (curve I'). For H = H II , the field penetrates over the
entire wall thickness w. If the external field is raised to a maximum HIV4
and then lowered to HIII, currents in the opposite direction are supposed
6y. B. Kim, C. F. Hempstead, and A. R. Strnad, "Resistive States of
Hard Superconductors," Rev. Mod. Phys. 36 (1), 43 (1964)0.
7Y. B. Kim, C. F. Hempstead, and A. R. Strnad, Phys. Rev. 131(6),
2486 (1963) .
(3)
(5)
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to propogate inward from the outer surface to a distance
-RIII* The cur-
rents for R > RIII remain unchanged and the field distribution III-III'
(Fig. 2) results. When H is lowered to H IV , the whole tube wall carries
currents in the opposite direction. For H = H  the externa l. field becomes
negative; the field H' V inside the tube is still positive. For a still
lower value H = H VI , the state represented by curve II is inverted.
The flux trapping or tube magnetization curve' 3 (i.e., the H -- H' dia-
gram) is shown in Fig. 3.	 It must be emphasized, however, that it is
very difficult to achieve complete magnetization cycle measurements with
high-field superconducting cylinders or tubes, since "flux jumps" might
occur.
4
The field distribution inside the tube for the cases I to VI can be
easily calculated. We first consider case II (Figs. 1 and 2):
B=H — 10 J C R .	 (2)
The distance R is measured from the outside surface of the hollow cy.iinder.
Introducing the designations
10 = k, M c w = H*,	 H* = h, H* = b, w = r,
we obtain
b = h — r,
and
b(r = 0) = h; b(r =i 1) = h' = h — 1.
The corresponding equations for cases I to VI are listed in Table 1. Obvi-
ously the normalization of the quantities used simplifies the notation very
much.
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The current and field distribution inside the tube wall is inde-
pendent of the magnitude of the inside radius a — w of the hollow cylin-
der. This does.not hold, however, for the average magnetic moment per
unit volume M of the superconducting tube:
1
W
-4nM =
	
	 ^	 2n(a — R)(H — B) dR. (6)
n(a2
 — (a — w)2 ) JR=O
In normalized form (with a = Kw)
1
- 4n	
M	 2
m = —4n M = 2K 2 1 	(K — r)(h — b) dr	 (7)
=0
For a thin-walled tube K--zoo; for a solid cylinder K = 1. Another
convenient form of Eq. ('T) is
—4itm = h — b
(7a)
2	 1
b 2K — 1 
=0 
(K — r)b dr
Normalized magnetic moment values, based on Heinz London's model,
are listed in Table 2; moment curves are shown in Fig. 4. Here h  is
assumed to be equal to 4.0. The maximum normalized magnetic moment mag-
nitude is 1/2 for a thin--walled tube (or,
 a slab of hard superconducting
material), and 115 for a solid cylinder. Even for very small values of
the external field H. the magnetic moment is not reversible. For larL-•e
external field values the magnetic moment does not decrease.
9
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3 C. P. Bean's Model8
Normalized values are again used (Eq. (3)). The normalized critical
field strength in the interstices or' the filaments is
H
c
h=C H
(8)
Field distributions for four characteristic cases are listed in Table 3.
Cases (c), (d), and (e) are identical with cases II, III, and IV, re-
spectively, of London's model. No values are shown for h decreasing and
h< h e since in this case an interpretation of Bee.n's model is not obvious.
In Fig. 5 magnetic moment curves of solid cylinders and thin-waled tubes
are compared for H* equal to H c , 3H c , and 10H c , respectively. The curves
for solid cylinders are identical with those shown in Bean's paper8 (solid
lines). The curves for the thin-walled tubes represent cases (a), (b), and
(c) f jr K --*oo of Table 4 ( dashed lines) .
4 Model of Y. B. Kim et al.
If the model of Kim et al. 9 10 is used, Eq. (1) combined with
dB = kJ dR,	 (9)
determines the critical current and field distributions in high-field super-
conductor tubes which are exposed to homogeneous longitudinal external
fields. We use normalized designations similar to Eq. (3); however, field
values are now divided by
(10)
H w =-,/ 2akw
8C. P. Bean, Phys. Rev. Letters 8(6), 250 (lg62).
9Y. B. Kim, C. F. Hempstead, and A. R. Strnad, Phys. Rev. Letters
9(7) ^ 306 (1962_') .	 --
107. B. Kim, C. F. Hempstead, and A. R. Strnad, Phys. Rev. 129 (2),528 ( 196 3) ,	 -
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rather than by t;*. Corresponding to the cases I to IV, shown for London's
model in Figs. 1 and 2, field distributions for the model of Kim et al.
ran be easily calculated. They are listed in `'able 5. The resulting
tube magnet izat ion curves for a complete magnetization cycle (no flux
,pumps considered') are shown in Fig. 6 ( compare ref. 9) .
Using Fqs . ('T) or ('Ta) , the magnetic moment values for cases I to VI
can to easily computed. A straightforward integration of Eq. (7a) with
respect to b, using the r(b) values ( easily calculated from 'fable 5)
yiel(is the 7 values 1fisted in Table 6. Tbt equation for case I is very
s imple, since the higher li-init of the integration is h = 0. For the other
c*ascs, the forms listed in Table (S can be simplified i.f, instead of b,
t.iic- var i able
u= h — b	 (n)
is introduced, which becomes equal to zero at the lower limit of inter-
F-ration. For instan—'e, in case II, r can be written in the form,
r= (bo 1- h)2 — (b0+b)2= u(v—u),
(1^)
v = 2( b  + i;) .
Thest- values i nt.roduced in Eq. (7) yield
2.
-^+nm = 111 ^Kv — 2 (2K + v2 ) u + 3v U. — 4 ^^3
2,K — 1	 3	 1	 2	 1	 5 1
( 13 )
v 1
 = u(b = h') = h — h'
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Equations in normalized form are convenient if the quantities B0 and
a have been determined by tube magnetization measurements and magnetic
moment curves are to be calculated. For the direct evaluations of magnetic
moment measurements nonnormalized equations are preferable. It is easy
to rewrite Eq. (13), for instance, in a nonnormalized form. Introducing
U 1 = H 
w 
u 1 = H — B
(14)
V = H 
w 
v = 2( B0 +H ) ,
we obtain from Eq. (13)
-4TH =	 1	 1 KVH 2 — 3•( 2KH 2+ V2 ) U 1 + —3 Vt11 — 4 U1	 I. (15)( 2K — 1) H 2w	 J
Equation (12) can be written as
2
11  = U 1 (V — U1)
and therefore
	
1	 _ 2
	
— 4nM = 2K — 1)(V — U 1
	
K	 3 1 V
3 K— 2	 UV +	 3 K— 5 U1
Using the abbreviation
H' -- H
V = B + H
a
A -8
we obtain
—4AZ
	
2	 H - H'	
2 K— 3 v 2
3 (2K — 1 )( 2 + v) 2 	 5 )
9
+ 7K— 2	 v+ 2(3K-2)
(19)
and an expression for the magnetic moment in case II for arbitrary values
of K. For K = 1, Eq. (14) of the paper of Kim et al. 10 folluws:
H — H'
15(2+v)2
(8v 2 + 25v + 20).
(20)
-4ZI =
For a thin-walled tube (or a slab of high-field superconducting material),
K--> oo, and Eq. (19) becomes
1 H — H'
-4TR	
3	 2 + I	 (2v 2 + 7v 
+ 6) . (21)
M gnetic moment curves for a complete magnetization cycle ( cases I to VI),
` ealculated for b o = 0.7 and K = oo , 2, and 1, . espectively, are shown in
Fig. 7. <Nonnormalized forms for TI, for cases I to V ;
 valid for any ratio,
of outside to inside tube radii are listed in Table 7 of the following
paper, which reports on magnetic moment measurements of bundles of copper-
platF , Nb.-Zr wires and discusses the application of the model of Kini et
al. to the results>
4 Acknowledgments
The author wishes to acknowledge the most useful discussions with D.
C. Hopkins and the invaluable assistance of C.. E. Parker, who made the
numerical calculations for Fig. 8.
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Table 1. Heinz London's Model: Field Distribution
I	 h increasing	 0 < h < h s ; h s = 1; r  = h; h' = 0
0< r< rI
	b= h- r
rI < r < 1	 b = 0
II	 h increasing	 hs < h < hM ; h' = 11 - I- h ^
	
hm - 1; b = h -
III	 h decreasing	 h 	 h < I i M ; hm = 11M - 2; h' = hM
l III = " M - '^ )' bIII	 2 ^ h^ 1 + h )
0 r	 r III	 b =h+r
rIli	 r <_ 1	 b = h  - r
IV	 h decreasing	 0 < h < h 	 1
i
V	 h decreasing;	 -h^ <_ h < 0
	
h' = h + l; b = h + r
J
VI	 h decreasing	 -hM < h < -h
J
.
Table 2 . Y.elnz Rondo: ' s Model: Values for -4vm
Case	 Hoilow Cyli=:der	 'Thin-Wall Tube	 Solid Cylinder
3
I	 h-2KK 1h2+
	
1
6K - 3 h3 	 h- 
h22	 h-h2+ h3
II	 3K - 2	 1	 1
x^ -3	 2	 3
0
3K -2 	 _	 1III 7K 3 - (hh1 h) + — 1- h + (
hM - h )2
2	 (	 )
1- (hh---h)+ (hM-
h)2- ;hM_h)3
3	 _M	 2	 12
x 32 (hM-h)2-(rM-h)3
IV
V	 3K -2
_ 7x 33
VI
_ 1
	 1
2
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Table 3. C. P. Bean's Model: Field Distribution
Case (a)	 h increasing;	 0 <_ h < h c ; b = h' = 0
Case (b)	 h increasing	 he < h < he + l; r  = h - he
0 < r < rb
	
b= h - r
r b < r <	 0
Case (c)	 h increasing	 he + 1 < h S hM ; hM > he + 2
b = h - r; h' = h - 1; hM -- hM - 1
Case (d)	 h decreasing	 h 	 h <_ hM ; hm hM - 2; h' = hM
rd = 2(hN, - h); bd = 2(hM + h)
0< r ^- rd	 b- h + r
rd `^ r <_ 1	 b = hM - r
Case (e)	 h decreasing	 he < h <_ h m ; b = h + r; h' -- h + 1
Table 4. C. P. Bean's Model: Values for -4nm
Case	 Hollow Cylinder	 Thin-Wall Tube	 Solid Cylinder
(a)	 h	 h	 h
(b)	 ^K2 1	 Kh(h - h^) - (K + h)
V, 2 - h2
h -	 ^2 h - (h - h ) rl^, + h - h(h - hc ) + ? (h - h )2C ) 	 C	 N
(h - he ) 2 (h - he )3
x +2 3
Table 2, Case II
Table 2, Case III
(e)	 Table 2, Case IV
(c )
( n )
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Table 5. Model of Y. B. Kim et al.: Field Distribution
I h increasing:	 0 <_ h	 h s ; h  = ' + 1 - b o ; rI = 2 b o h + h2 ; h'	 = 0
0 <_ r < r I b =
	
(b
	
+ h )2 - r - bo ; r = (b o + h )2 - (b o + b)•?
rI <r<i b =0
II h increasing:	 h s
	h <_ hM ; h'	 _	 `°c + h) 2 - 1 - b o ; hM = (b o + hM ) 2 -	 1 - bo
b + h ) 2 - r - bo ; r = (bo + h )20
III h decreasing:	 h	 <_ h	 h M h	 =	 (b+ hM ) 2 - 2	 - bo;	 h' = hMm m	 o
r = 2 [(b
 
	
+ hM ) 2
 - (b	 +
III o	 o
h ) 2]	 b	 = ,/ 2
III C ( b o + hM ) + ( b o + h ) 2] - bv
0 < r C rIII b =	 (bo + h ) 2 + r - b 0 ; r = (b 0 + b) 2 -
	 ( b0 + h) 2
rIII C r < 1 b = ,/	 ( b0 + hM ) 2 - r - b o ; r = No + hM )2 - (b o + b )2
IV h decreasing:	 0 <_ h <_ hM ; hT =	 + h) 2 +
'-
1 - bo
o
b =	 (bo+^h)^
	
+ r
	
bo ; r = (b o + b ) 2 -	 (b 0 + h )2
V h decreasing:	 - h	 h<_ 0;
s
h'	 =	 1 + 2 b2 -
o
(b	 -
0
h )2 - b0
r = (b	 - h )2 - b2 ; b	 = 0
v	 o	 o	 v
0 <_ r < r
	
b = b	 -	 (b	 - h ) 2 - r; r =	 (b	 - h ) 2 - (b	 - b )2
v	 o	 0 0 0
ry < r < 1 b =	 (so + h' ) 2 + r - 1 - b o ; r - (bo + b) 2 - (bo -
 
11) 2 - 2 bo
VI h decreasing:	 h	 < -h	 h'
—
= b	 -	 (b	 - h)2 - I
S	 s 0	 0
b = b0 -	 (bo - h )2 - r
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Table 6. Model of Y. B. Kim et al.: Values of (2K - 1)b
(-4TrF = h - E)
I	 h2[2b0K + 3 (K - b 0 ) 2h - 3 b0h2
 - 8 h3]5
I I	 [ 2b K- 2b h- h b +
	
h
0(	 0	
2) 2 j (K + 2bo - 2boh - h2 )b3 + 3b b4 5 b']
b=h'
III
	 [ 2b (K + 2b h + h 2 )b2
 + ^ (K - 2b2
 + 2b h + h2 )b3
 - 3b b4 - 4 b5) bm +0	 0	 3	 0	 0	 0	 5	 b=h
b
[2b0(K - 2bohM - h;2 )b` + 3 (K + 2b0 - 2b0hM - hM
	+ 3b0b 4
 + 5 b5] m
	
5	 b =h,'
IV	 [2b0(K + 2bo + h 2 )b2 + 3 (K - 2bo + 2bK  h2 )b3 - 3bo 4 - 4 b51
h'
5	 b =h
0
V	 [2b (K+ 2b 	 - h2 )b2 - 4 (K + 2b2 + 2b h - h2 )b3 + 3b b 4 - 4 b 5 ]	 +
	
3	 0	 0	 0	 5 b=h
(2b0 (K + 2b0h' + h ,2 - 1)b2 +	 (K - 2bo+ 	 2bo ' + h' 2 - 1)b3 -
h'
3b b4 - 4 b5
0	 5	 b=0
h'
VI	 [2b (K+ 2b oh - h2 )b2
 - 
4 (K + 2b2
 + 2b h - h2 )b3 + 3b b4 -
 4 b5]
	
3	 0	 0	 0	 5 b =h
IV
tH
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IH
DECREASING
H t 0
INCREASING
I
III
A-15
ORNL — DWG 63-4854R ORNL-DWG 63.7`18214
-W----
20
^^-	 II
I	 I
I	 ^	 I
H	 I@	 H t 0	 H'	 O
I
INCREASING
I
I
I
O<H<HS 	 HS .5 H5 HM
r.
HM
BM
HM
Hd 	 H
1•m
H,
I - Kfx--11
H^Hm<H<HM OSH<HM
R	 - Hp
VI(—= II INVERTED)
Y
V
I ^ I
i
INSIDE B
HjU	
OUTSIDE
H O 1 0 H , ® I ® H (D H 0
AXIS
j
I I
I
/ Fig.	 2. Field	 Distribution	 in	 a	 HIgh•Fleld	 Super.
DECREASING I I I	 DECREASING conductor Tube for Different States of a Magnetization
i I Cycle.
_HS <H<O H <_h`s
--
ORNL DWG 64 - 569
6 — — T-- — -- —^T
Fig.	 1. Current	 Distribution in a	 High-Field Super-
---
conductor Tube for Different States of a Magnetization
I
0.4
Cycle.
_ -
-	 - iI k - + 1	 I----I
I I
t N' I I
-4n m 0
-
I
I
`~V
Mr
Nl M.
	
`16 hV .-
~^ 1V • 0.4 I
0	 1	 2 3	 4	 5
Fig.	 3. Tube Magnetization Curve for H. London's Fig.	 4. Magnetic Moment Curves for H. London's
Mode I. Model.
I
.z
4
nou1 .nWl'. cA.. —
0
0	 2	 4	 6	 9	 to	 12	 - 14
H/ HC
Fig. 5. Magnetic Moment Curves for C. P. Bean's
Model.
i
I i
1	 I
o[_ H* =QH^/
Ik=1 I =
tH
.k He
k;1	 j
E
5
4
`u
^ 3
R
t
2
0.5 __ ORNL- OWG
0.4
0.3
Q2
E 0.1
R
v
0 -
_Q1
-02
-0.3
-04
I I
- 0.714 I K• 2 i
K•
t
I
IKap1
-^
•	 ^K 
.m i ^
K >z
K•er►I 1
!	 i
1	 1 i4
-0.5211 ( LLL
Q7114J
--
6824
I
I
I
i
1
I
I
__ I
-12 40 -0.8 -0.6 --0.4 -0.2
	
0	 02 04 06 0.8
	 1 0 	 12	 1.4	 1 6
n
A-1t)
Z)FNL-OWG 65-4852
H
\	 oVI\ I \	 I
\  H.1^ \ \	 IV/^
I ^	 \	 I / %/II
\`\ IV	
t)	
^1HM P / llI^/
^.	 T v4 I V /\\ \\Bo 
I / V H / III
\	 o	 p ^s °	 \	 H
\BO Vices FHI,^17LXI 
B`M \^
I o ^^ \
^JI 'vnI '^'e 
^VII^ 	 \	 i	 VII\
VI / / /V iii	 \	 ^\II I
\
^	 I\
Fig. 6.
	 Tube Magnetisation Curves for the Model
of Y. B. Kim et at.
Fig. 7. Magnetic Moment Curve for b0 = 130 /H*- - 0.7
 (Model of Y. B. Kim et at.).
_e
B-1
APPENDIX B
FLUX JUMPS IN COLD-WORKED Nb-2.^% Zr SOLID AND
HOLLOW CYLINDERS UNDER ADIABATIC CONDITIONS
I. THE EXPERIMENTAL METHOD
Figure 1 shows the experimental arrangement. The rate of the field
sweep of the superconducting coil M which produces the increasing external
field was dHo/dt = 400 Oe/sec. The sudden change of the flux in the sample
S during a flux jump was detected by means of a pickup coil wound around
the sample. The resulting signal was recorded either by an X-Y recorder
or an oscilloscope. A typical diagram obtHined by the X-Y recorder is
shown. in Fig. 2.
One group of experiments was performed in the following way: The
temperature of a sample was changed from room temperature to 4.2°K by
immersing into liquid He. In this way each sweep was applied to a "virgin"
sample (These types of experiments are marked in Fig. 2 by horizontal
arrows). Another group of experiments employed samples with a "magnetic
history" (marked by crosses). In these cases the field was raised until
the first flux jump occurred and then lowered with a very slow rflte in
order to avoid a flux jump caused by the decreasing field. At H o
 = 0 the
sample contained trapped flux. After waiting until the :,ample achieved
thermal equilibrium the field was raised until the first flux jump occurred.
T'he results of these experiments represented in Fig. 2 are as follows: A
solid cylinder with 3 .2 mm OD and a tube with the same OD and 1.6 mm ID
produced approximately the same .results. With "virgin" samples the critical
field strength hFj was about 5.5 KOe. In samples with "magnetic history"
HFj increased to around 7 Koe. Although the external conditions were the
same, a tube with 3.2 mm OD and a hole of 2. 4 mm showed a critical field
strength of 4. 5 Koe ("virgin" sample) and 5 KOe (sample with "magnetic
history"), respectively.
a
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II. DISCUSSION OF THE EXPERIMENTAL RESULTS BY MEANS OF SIMPLE
--MODELS OF HARD SUPERCONDUCTORS
These results can be explained at least qualitatively by applying
Bean's model  of hard superconductor.
Figure 3 shows the field and current distribution inside a cylinder
in a longitudinal field.
When the external field Ho
 is increased with a rate of change dHo ,
dt
flux enters the sample. This change of flux will induce an electric field
strength around a concentric circle which has its maximum value E on the
surface of the cylinder:
d(D
nRE _ — —
dt
Because E has the same direction as thr shielding current density I c , an
energy per unit volume of
I
dW = El c
 dt = 2nR d(D	 (2)
is d.is^ipated. This leads to a temperature rise dT. Under adiabatic con-
d;.tions
Ic
	
do = c dT	 (3 )
21t R
in general I c , cD, c, and T are correlated in a rather complicated
manner and, them."ore, it is impossible to solve this equation analytically.
jnl.y for the assumption R oo, (3) le. is to a simple expression for H F, J . In
this case 4^ is given by
	
21tR Bo	 Bo	 (B B = µ H )
µp I c	 2	 0	 0 0
d(D
	
iR	 dB
(3 )d ^ - µ 0-7 2 Bo dt - 2nRL
	 a
B
dW = E Ic
	
µ
dt == —o
 dB = c dT
c 
o
=
1Bean's  very simple model does not consider the dependence of I c on B. It
is used here as a first approximation (compare ORNL Thermonuclear Div.
Semia.nn. Prog. Rept., ORITL -356+ for period ending Oct. 31, 1963, pp.107-
121) .
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Integrating gives
TB 2	 c
O
2µo fT 
c(T) dT .	 (4)
i f the upper limit of the integral is T c , the critical temperature at
the field Bo, 
HFJ 
is determined by µo HFJ = Bo . Equation (4) holds not
only for Bean's model but also for the case I c
 = B which is a somewhat
simplified form of Kim's model. (4) is identical with an equation derived
by Wipf and Lubell 2
 in a different way. In the cases considered here
(Fig. 2) the simple equation (4) cannot be applied because the condition
of large radii (compared with the field penetration depth) is not satis-
fied. However, it is possible to obtain at least a qualitative explana-
tion of the experimental results if the flux distributions inside the
samples are considered.
Figure 4 shows the field distribution at a certain external field
B
strength Ho = oo C HFJ for the four cases shown in Fig. 2. Equation (3)
0
suggests that the power dissipation increases with the finally achieved
magnitude of the flux inside the sample. As shown in Fig. 4a and c ("vir-
gin" samples) in the case of a hollow cylinder, the critical value 0 will
be achieved at a lower external field than in the case of a solid sample.
Figure 4b and d indicate that in the case of trapped flux at H o = 0 Q'
higher externa? field Ho is necessary in order to achieve the critical flux
change. There is no difference in 
HF^ 
for the solid sample and the cylin-
der with 1.6 mm hole, because the field does not penetrate far enough to
reach the hole.
Finally, it should be mentioned that Wipf and Lubell's derivation
does not lead directly to a geometrical dependence (solid and/or hollok
cylinders with various radii). The new derivation shown here considers
the rate of flux change which is obviously geometrically dependent.
2 S. L. Wirf and M. S. Lubell, Westinghouse Scientific Paper 65--L
JO-Lotem-P3, March 5, 1965.
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